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1 Introduction 

This paper extends the recent developments of normal form theory (without parameters) via 
the spectral sequences method to parametric normal forms of differential equations. Spectral 
sequences method is one of the most elegant and powerful methods of computations. It has 
been applied in different branches of mathematics and has helped in solving many difficult 
computational problems. Arnold [21 H] was the first to apply this method on singularity 
and normal form theory but it were not later used by others. Recently Sanders [251 I2H] 
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further elaborated the method and evidently encouraged a few researchers in using this 
method on normal form theory [91 [21]. Sanders [251 EE] and Murdock [21] mainly focus 
on normal forms of non-parametric vector fields while Benderesky and Churchill [9] applied 
the method on matrix normal forms. The later made their results based on an innovative 
general setting; by having a group structure acting on a vector space. We use their results 
to establish a foundation for parametric normal form of vector fields. The existing results, 
i.e., [9j (2TJ 1221 [26], use neither time rescaling nor reparametrization while the use of these 
is the main new feature of this paper. Obviously, our method is also finely established for 
obtaining the spectral sequences of orbital equivalence of nonparametric vector fields. 

We apply the method to obtain hypernormal forms for generalized Hopf singularities 
with multiple parameters; this has been done for such systems without parameters, see e.g., 
[H El El El [151 [111 [251 [31] . Considerable work has been done on singular Hopf bifurcations, that 
is, degenerate forms of the Hopf singularity that do not satisfy the conditions for a standard 
Hopf bifurcation but instead produce more complicated dynamics. We give a method for 
finding specialized hypernormal forms for Hopf singularities with specific degeneracies. The 
goals that follow are illustrated with this specific type of system, but are applicable more 
generally to any singularity. 

A new significant feature of parametric normal forms is to enable us gaining the trans- 
formations between the original parametric system and the parametric normal forms; this 
is impossible via non-parametric normal forms [321 [33] . Real life problems modeled by sci- 
entists and engineers usually involve parameters and obtaining these transformations is of 
fundamental importance in applications. The notion of normal form theory is to simplify 
nonlinear differential equations via a change of state variables such that the topological be- 
havior of the system in the vicinity of a singular point remains unchanged, see [TTlfTTl fTSl 20J. 
Efficient usage of time rescaling with change of state variable simplify the systems further 
to their (simplest) orbital equivalence, see e.g., [H El ESI EH] ■ Although using time rescaling 
efficiently is a key tool (a challenging task) for parametric normal forms, the obtained orbital 
equivalence (simplest) of parametric system may not be yet sufficiently simple for bifurcation 
and stability analysis. Thus, we also need to use reparametrization (change of parameters) 
to simplify the parametric systems beyond their orbital equivalence. Reparametrization re- 
quires also a new structure within the context of unique normal form theory. This is why 
we need to generalize the recent developments on the spectral sequences and their structures 
on normal form theory to accommodate time rescaling and reparametrization alongside with 
change of state variable. 
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We provide an example of detailed calculations of hypernormal forms using the notations 
of the spectral sequences in section HI Spectral sequences have been introduced for normal 
form calculations in [9j (2TJ [25j |26] but even in these papers, the spectral sequence method 
is usually kept in the background as a guide to the calculations, while the calculations 
themselves are done in the ordinary way. Here we show what it would look like to employ 
the notations of the spectral sequences in full. This has the advantage that the exact range 
of nonuniqueness is displayed at all times with every step. The associated disadvantage is 
the complexity of the notation. It seems worth while to have at least one example of this 
type of calculation in the literature, even if most users may choose to use a simpler notation 
and do some extra work on the side to keep track of the range of nonuniqueness when that 
is desired. 

The rest of this paper is organized as follows. Section [2] introduces a new way of defining 
styles and costyles for normal forms (in addition to standard styles such as the inner product, 
sl(2), and simplified styles), i.e., formal basis style and costyle. Also the cohomology spectral 
sequences are briefly presented in section |2j Section [3] describes parametric state space, pa- 
rameter space and parametric time space, and further some technical results are presented. 
Then, in section HJ the general theory and methodology are applied to obtain one of the two 
parametric normal forms (via formal basis style) presented in this paper for systems with 
multiple parameters and generalized Hopf singularity. Based on notions of invariant degener- 
ate spaces, formal basis styles and costyles, in section |5l the method of spectral sequences is 
distorted to formulate an alternative approach to obtain a more suitable parametric normal 
form for bifurcation and stability analysis. Section [H] provides some alternative normal forms 
which can be obtained via different approaches. These include different simplest parametric 
(and nonparametric) normal forms obtained by using and not using either or both of time 
rescaling and reparametrization. Finally conclusions are drawn in section [3 

2 Formal basis style and the spectral sequences 

We first revisit filtration topology for presenting the notion of formal basis used here for 
determining a new style and costyle for unique parametric normal forms, see also [121 E3] , 
and then discuss the notion of the cohomology spectral sequences. 

Let V = where V% are finite dimensional vector spaces over the field F of 

characteristic zero. We call V a graded vector space and each Vi a homogenous space 
of grade i. In order to make the paper more readable, we follow Murdock and Sanders 
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[201 [23] an d denote V = ©j^Vj in which its elements are represented by sums of a countable 
number of nonzero terms (recall the concept of formal power series). This notation should 
not be confused with the common direct sum of vector spaces whose elements can only be 
represented as a sum of finite many nonzero terms. One could use © notation, whenever 
infinitely many terms are involved, to avoid this confusion, see [6j[12]. A countable ordered 
set (sequence) 38 = {ej\j G N} C V is called a formal basis for V if any element v G V can 
be uniquely represented by v = Y^jLi a j e j f° r a j £ ^- 

With every grading goes a filtration. Let ^ k V = {%2iLk v i\ v i e ^} an d can ^ = 
{^■ h V}^ =l a filtration associated with the graded vector space V = ©^VJ. The filtration 
& induces a topology on V by considering {v + & k V} as an open local base for a vector 
v G V. The induced topology rgt from & is called filtration topology. Since the filtration 
topology is a first countable topology, its topology is completely understood by knowing its 
convergent sequences. In other words, with regards to the filtration topology we only need 
to know: a sequence {v n } C V converges to v G V if and only if for any N G N there exists 
a natural number k such that for any n > k we have v n G v + ^ N V. Thus, any sequence 
of the forms {Y^=i a j e j} an d {J2i=i v i\ v i e ^} converges respectively to {J2'jLi a j e j} an d 
Vi\vi G Vi\ in the filtration topology; more precisely the filtration topology is the 
finest topology on a graded vector space in which all formal series are convergent. Note that 
the filtration & is Hausdorff, i.e., f] p ^ p V = {0}, and exhaustive, i.e., = V. This 

is why the spectral sequences induced by & is convergent in the sense of Cartan-Eilenberg, 
see the last paragraph on page (7). We refer the reader to [121 E] f° r more details on 
the filtration topology and formal basis (also formal decompositions). Note that the order 
of basis (and formal basis) is important for our formal basis style (costyle) and all graded 
structures defined in this paper are graded vector spaces over F. Also, note that the style of 
parametric normal forms used in this paper is different from other common styles such as 
inner product style, si (2) style or simplified style. Recall that a normal form style is a rule 
stating how to choose the complement spaces, see [20-22]. When the rule of how uniquely 
choosing complement spaces is applied to the transformation space rather than the space of 
vector fields, it is called costyle [22]. We call our style formal basis style and describe it in 
the following. 

In order to express the formal basis style or in other words how we would choose a 
complement space JV for a vector subspace W from V, we assume V has a formal basis 
38 = {e n } (or a finite ordered basis 38 = {e n }^i Fl/ )- Then, we construct the complement 
space jV by inductively choosing the least natural number in which e nfe is not an element of 
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W '©span F {e ni \i < k}. We continue this to either the process be terminated for a finite number 
k {i.e., JV = spa%{e ni |i < k}) or obtain an infinite sequence {e ni } (i.e., jV = span F {e ni }). 
From now on, we refer to jV obtained in this manner by the unique complement space for W. 
Succinctly stated, by setting an order on the formal basis we automatically determine which 
terms to be eliminated in priority; when we have some alternative terms to eliminate from 
the system in our normal form computation, those terms will be automatically eliminated in 
our style which are laid in lower orders in our formal basis. This is, indeed, one of the main 
purposes of using formal basis in this paper. Some common styles used in the literature 
are sl(2) style, inner product style or to determine the complement spaces individually for 
each grade in all steps, see [22J for the original definition and discussion on style and costyle. 
Despite the other common styles, we believe it is an advantage for our approach to decide on 
priority of eliminating certain terms of the system well in advance of calculations by setting 
a fixed order on formal basis. For example, in this paper we practically give priority to the 
amplitude terms rather than phase terms of the same grade. To observe this, one should 
transform the normal form of the system in polar coordinates and see the relation X and 
Y with amplitude and phase terms, and then compare them with the rules (1-3) above in 
Remark 13.11 This way we do not need to decide which complement spaces to choose but 
we only calculate the complement spaces based on the order defined on the formal basis. It 
is imperative to distinguish (and not confuse) the usage of formal basis to set up our style 
(or costyle), in order to give priority to some terms over the others for their elimination 
(or for using them in the transformation maps), from the method of formal decompositions 
(described in [131 E]) which employs a chess-like computation. 

Throughout this paper, formal basis style is also applied for our notation n w to represent 
it as a unique projection on W. To formulate this, let V be a vector space with a formal 
(an ordered) basis SB = {e n }. Then, there exists a unique complement space jY for W (i.e., 
JV © W = V) such that SB n JV = {e n .} is a formal (an ordered) basis for JV and for any 
e m G SB, there exist a unique vector w G W and unique scalars a ni , a n2 , • ■ ■ , a nN (n N < m) 
satisfying e m = w+J2k=i a n k e n k - Thus, V can be naturally equipped with a unique projection 
ttw from V onto W, i.e., 7iw 07t ~w(V) = ^w(V) = W and for any v = J2i a niV ni +w G V (where 
^ji a nfini £ JV and w G W) we have n w (v) = w. Giving a simple example to illustrate 
this, consider nw( e i + % e 2) for which V = F 2 with standard ordered basis SB = {ex, e{\ and 
W = span F {ei+e 2 }. JV = span F {ei} uniquely satisfies our conditions (while JV = span F {e 2 } 
does not; e\ can not be expressed by e\ = w + X^n fc <i a n k e n k for a w G W, where we only 
have rii = 2) and thus, n w (ei + 2e 2 ) = 2ei + 2e 2 . 
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The style of parametric normal forms in the context of the spectral sequences comes from 
a unique choice to represent quotient spaces instead of the common complement spaces; i. e, 
for a vector subspace W from V, we need to explain how we choose a subspace JV from V 
such that = {v + W\v G JV}. Indeed, any style (rule for choosing a complement space for 
W in V) can alternatively be applied for a unique choice of representing this, see also [25, 26J. 
Since in this paper we follow formal basis style, we are interested in defining a formal basis 
compatible with 38 for quotient spaces of the given vector space V. To do this, consider the 
basis {e ni } for the unique complement space JV = span F {e ni } obtained via formal basis style 
(described above) for W. Then, {e ni } with its inherited order from 38 builds up our formal 
basis for the quotient space i.e, 38 v_ = {e ni + W}. Since JV plays the same role as the 
complement spaces, for our convenience we call JV C V the unique complement space for 
the quotient space We further borrow the notations and denote ^ by JV , i.e., ^ = JV. 
Thus, the unique complement space for a quotient space of V is a vector subspace of V with 
its own formal basis. 

Lemma 2.1. (See also [T4l Proposition 1.3]). Let V and W be vector spaces overW, V have 
a formal basis 38 = {en}^ or a finite ordered basis 38 = {e n }^^ v , and Sq be a subspace 
ofV, where d : W —tV is a linear map and ir : ^ d(W) = 0. Then, d naturally induces a linear 
map d*, given in the short complex — > W j^r — y (^ denotes the quotient space ofV 
over 3?o). Then, there exist unique vector subspaces jV\ and 3T\ C V such that 

1. coker d* ^ = = .y^, % C 3T X and JY X © ^ = V. 

2. 38 PI Jf\ = {e nk } is either an ordered basis or a formal basis for JV\. 

3. For any e m G 38 there exist a unique vector w G V (where w + ,% = d*(w) for 
some w G W and ir& w = 0) and unique scalars a ni , a„ 2 , • ■ ■ , a njv (njv < m) satisfying 

4- For any v G V in which it 55 (u) = 0, there exists a vector w G W such that v—d(w) G JV\ 
(This property implies that JY\ fulfils the role of complement spaces). 

The notation 7r^ should be distinguished from 7Tj(v); 7r»(v) = Vj where v« is the zth 
component of the vector v G ¥ n for 1 < % < n. Now for our convenience, we present a quick 
review on the spectral sequences, see [HJ [30] and for a more detailed discussion of this topic 
on normal forms see [8, 27, 28, 33-35]. 
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Spectral sequences (cohomological type) in general are considered to be a page-sequence 
of left i?-modules (where R is a commutative ring with identity) which comes with a page- 
sequence of differentials and each page is the cohomology of the previous page. Consider a 
differential graded i?-module (A*,d*) where d* has a degree +1, i.e., A* = ® n A n , 



n+l 



d* :A* A* with d n = d*\ An :A n ^A 

and d* o d* = 0. Denote H n (A*,d) for the cohomology of d* at grade n, i.e., H n (A*,d*) = 
ker d n /lmd n ~ 1 . Now assume A* comes equipped with a filtration & compatible with the 
differential d*, that is, 

• • ■ C ^ P+1 A* c &*A* c ■ ■ ■ C A* 

and d : ^ P A* ->• &*A* \/p e Z. Then, (A*,d,&) is called a filtered differential graded R- 
module. For simplicity, assume that filtration comes from a grading structure, that is, A*'* 
is a bi-graded iZ-module (A = A*'* = ® q > A*' q = @ p A p '\ A*< q = ® p A p > q , and A p >* = ® q A p ' q ) 
and J^iA*** = (Bk> q A* ,k . Thereby, the filtration is Hausdorff and exhaustive. We may express 
some isomorphisms with equality whenever confusion does not occur. 

Spectral sequences are aimed at computing H*(A,d) = Q) q H q (A,d), where H q denotes 
the cohomology of the differential d at degree q. Note that H*(A,d) can be interpreted in 
the context of normal form theory as the space of unique normal forms, when the graded 
differential (A,d) is properly chosen. This is clearly demonstrated by Sanders [25, 26J. 
Although 

H*(A, d) = © p ® q J? p H q (A, d)/^ p+1 H q (A, d) ® q ® P ^ p H q (A, d)/^ p+1 H q (A, d), (2.1) 

in principal it is not possible to compute H*(A,d) directly from this equation. This is why 
the spectral sequences are actually designed; to compute E^ n in a systematic approach. 
Obviously, it is important to properly define the differential, grading structure and the 
filtration in such a way that E*>* converges to E££ = H*(A,d). To describe the spectral 
sequences, we denote 

jjjm,n tjpm j^m+n j ^rn+1 j^m+n ~ j^m+n,m 

and define the differential do with degree +1 by d 1 ^'* = d\ E ™,* : E™'* — > E™'*. Since E™'* = 
® n E™ ,n is isomorphic to a quotient space of A*' m , we can inductively define the rth level 
differential of bi-degree (r, 1 — r) by 

d™>* = d\ m ,,,c/ r m,n : K' 71 -> E™ +r > n+1 ~ r , and also = H n {E™'\d™>*). 
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The filtration & is called strongly convergent in the sense of Cartan-Eilenberg if the 
filtration is Hausdorff, exhaustive and we have 

H*(A,d) = lim H* ( A, d) / 3? P H*( A, d), (2.2) 

where lim stands for the projective limit [IJJJ pp 69]. Since 

lim H* {A, d)/^ p H* {A, d) 9* ®™^ p H*{A,d)/^ p+1 H*{A,d), 

our filtration automatically satisfies the condition (12. 2p . Therefore, the associated spectral 
sequence E J r ' k strongly converges to H*(A, d), that is, 

E i£ ^ gri H j+k (A,d)/^ j+1 H j+k (A,d), 

according to [TH Theorems 2.6, 3.2, 3.12]. Finally, a spectral sequence is said to collapse at 
r, when E*'* = E*'* for any n > r. Thus, in order to obtain E^* we just need to compute 

3 Parametric state space, parametric time space and 
parameter space 

In this section, we present the algebraic structures of parametric state space, parametric time 
space and parameter space as well as their possible interactions. Note that this algebraic 
structure is designed for computation of parametric normal forms of systems associated with 
Hopf singularity. However, the methodology described here is general and can be applied to 
alternative algebraic structures suitable for other singularities. 

The following presentation of our algebraic structures are recommended in part by J. 
Murdock, see also [121 l2Ql 121] ■ We begin with the most general C°° system in two 
dimensions with vector parameter /i = (/ii, ...,/i m ) having a Hopf singularity at the origin. 
When expanded in a formal power series such a system takes the form (module flat functions) 

(;H-0 + £(i:)^ v (31) 

where summation is taken over j, k G No, n = (m, • • ■ , n m ) G N™, |n| = |m| + • • • + \n m \, 
j + k + |n| > 1, and j + k > 1. Introducing the complex variable z = y + ix (to avoid later 
minus signs that arise if we use x + iy), we find 

z = iz + 2_^{b jkn + ia jka ) [—^- ) (— g— ) » 
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which can be expanded in the form 

+ J2 A j^z j z k fi a (3.2) 



Z = IZ 



with Ajkn G C We now consider the following (formal) system, defined on C 2 , with variables 

(z,w) : 



With reality conditions Bj kn = Aj kn , the equation (13. 3 p reproduces our original system 
on the reality subspace of C 2 defined by w = z (This is a real vector space, that is, it is a 
subspace of C 2 over K. For a complete discussion of reality conditions in normal form theory, 
see [20l pages 203-206]). If we now set 

( Z j W k \ / ZZ J 't/; fe 

j7c ~ V w 3 z k ) ' jk - \ iwiz k 
and write Aj kn = -Bj^n with a and /3 real, our system on C 2 takes the simple form 

( I ) = Yw + E "ito^ifcA*" + E fttoW (3-4) 

where the reality conditions are now simply given by the a and (3 coefficients lying in M. It 
is now easy to include in the discussion the case when the original system is complex (that 
is, (x, y) G C 2 ). We simply take the field F to be either K or C, and consider the right hand 
side of Equation (13. 2p to be a vector field on C 2 with coefficients in F. The following analysis 
will apply to both the real and complex cases simultaneously. 

From here on we take (13 .4p as the starting form for our analysis. This way we avoid the 
formulas for the coefficients of (13.41) in terms of those of (13.11) . which are of course rather 
complicated. Since the vector space span of vector fields of the form (13.41) constitutes a Lie 
algebra Jzf under the Lie bracket [u, v] = u'v — v'u (= Wronskian(w, v)), that is, we set 

Sf = {aY 10 + UjknX jk fi n + Y (3jknY jk fi n \a, a jkn , jkn G F, n G N^} 

and call it parametric state space. We also use the subalgebras 

Jzfs = {alio + aj k0 Xj k + PjkoYjk}- 

which is called state space without parameters and 

££n = {aY 10 + aj + ij n Xj + ijfi n + / j Pj+ijnYj+i,]^ 11 }} 
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which is a Lie subalgebra of J?f and is a result of normalization in the classical sense (without 
time rescaling and reparametrization and prior to hypernormalization). It is important to 
notice that these are not merely Lie algebras but also graded Lie algebras. There are several 
ways to arrange the grading. One is to treat these as multi-graded with one grading by 
j + k — 1 (one less than the degree in z and w) and p additional gradings by rii, n m . The 
machinery for handling normalization with multiple gradings is developed in [22J for the case 
of two gradings. Instead we combine these into a single grading 8 defined by j + k + |n|. 
Later, when considering specialized normal forms for degenerate Hopf singularities, we need 
a modified grading. The general definition covering both cases is 

6(X jkf i n ) = 6(Y jkf i n ) = j + k - 1 + a|n|, (3.5) 

where a is a weight for the parameters. The weight a rearranges the terms in the graded 
Lie algebra and thus may result in different unique normal forms. This weight is taken 
to be one in [T3] for the codimension one Hopf singularity while in the next two sections, 
for the specialized normal forms of degenerate systems with parametric dimension N , we 
choose a = 2N + 1. In order to call Jzf a graded Lie algebra, it is necessary to check that 
S([u, v]) = 8(u) + S(v); this accounts for the —1 in the definition of 5. Thus, (Jzf, [•,•]) is 
a Z-graded locally finite parametric Lie algebra over F. For a simple notation to show the 
subspace of all homogenous terms of grade k, we use a subindex k, e.g., Jzffc, Jit?s,k, -^H,k] so 
we do for later defined spaces, time and parameter spaces, i.e., SP™ . 

Let & be the filtration associated with the grading structure of «Sf . Elements of J^Jzf are 
called generators because they generate near-identity transformations used in normalization. 
Suppose that u is a generator (so that u E J^Jz? and therefore begins with quadratic terms) 
and 4> is its time-one map. Writing Z = (z,w), it follows that <fi(Z) = Z + 0(|Z| 2 ); such 
maps are called near-identity maps because they are close to the identity in a neighborhood 
of the origin. Let v G S£ be a vector field in ', then <p*(v), the push-forward of v by <f), can 
be regarded as the same vector field v expressed in modified coordinates. The easy way to 
compute this is by the formula 

4>*{v) = expad u v, 

see e.g. [HI El ELU HE] for more details. 

Once the parametric state space and its grading structure are settled down, it turns to 
define the formal basis. Let SB = {X^// n , Yy/i n |n e N™, i, j e N , i + j > 0} be ordered in a 
sequence according to the following rules: 

1. The terms of lower grades are in lower orders, based on the grading function S. 



M. Gazor and P. Yu 



Spectral sequences and parametric normal forms 11 



2. Yij is before X^i, when they have the same grade. 

3. Terms without parameter are before terms with parameter when they have the same 
grade. 

Remark 3.1. Although the above rules are not sufficient to set up a unique order for 
they are sufficient that any fixed order satisfying them will lead to a unique parametric 
normal form of a generalized Hopf singularity; see sections H] and [5j 

The reasons behind the conditions (JTJ and (|3j) are easy to observe; the condition (PQ) 
means the lower garde terms are in priority for elimination while the condition (j3J) is to omit 
the terms with parameters as much as possible even at the expense of some terms without 
parameters of the same grade. However, the condition (J2J) needs to be explored. Since Jzf# 
denotes the first level parametric normal form space when only the change of state variable 
is used (and also a component of the first level conormal form space) for generalized Hopf 
singularity, see Lemma 14. 5[ all the first level parametric normal forms belong to this space. 
This delivers a significant information about X and Y (e Jzf#) terms when they are depicted 
in polar coordinates, that is, any X term in is practically transformed into an amplitude 
term while Y terms in Jzf# indirectly represent phase terms, see Corollary 15.41 This is why 
we put Y terms before X terms in the order of our formal basis (see the condition (j2J) above); 
in other words, the amplitude terms are in priority for elimination than phase terms of the 
same grade. Finally, it is important to mention that we choose an identical formal basis for 
parametric state space regardless of observing it as either the space of all vector fields (where 
normal forms live) or the space of all generators (where conormal forms lie). The later stems 
from a new notion, i.e., costyle, in normal form theory. 

The formal bases defined for parametric time space and parameter space SP™ along- 
side with that of Jz? , are our rules in determining a unique complement space for any subspace 
within the transformation space in section (jSJ). Murdock [22] is the first to raise the notion 
and call this kind of rule as costyle. Therefore, we follow him to call it by formal basis 
costyle. Indeed, any fixed costyle sets a rule to only have a unique choice (module unusable 
terms) for transformation solutions. Thus, it together with a fixed style make it possible 
to introduce unique (though far from being simplest) finite level normal forms, see [22] for 
further details on style and costyle. In principal costyle of normal forms is considered less 
important than style in the context of simplest normal form theory of systems without pa- 
rameters. The importance of using costyle is indeed manifested in parametric normal forms, 
where obtaining the transformations are of the fundamental importance. In other words, 
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costyle sets a rule for obtaining unique transformations (module unusable terms; belonging 
to the kernel of all maps at all steps) transforming a vector field to its simplest parametric 
normal form. Therefore, costyle can surprisingly play a direct role in obtaining the simplest 
parametric normal forms (not the transformations); this is demonstrated in section (J5J). To 
see this note that any costyle used in the section (jl]) results in the same obtained parametric 
normal forms. In section flSJ), however, distorts the normal form computations by keeping 
some time terms for using them later; these terms do not belong to the kernel of the maps 
associated with step N, but yet are used at steps of higher than N. Therefore, the maps of 
step N are restricted to some subspaces and their complement spaces (of vector space span 
of terms intended for use at step N) are left for higher level computations. In other words 
different costyles, in section fl5]), may lead to totally different normal forms; this signifies the 
role of costyle. One can foresee that implementation of the results, obtained in this way, 
for practical computations requires a chess like computation. Thus, it is essential to define 
a costyle coordinated with the style and our computations to gain our desired parametric 
normal form. 

Similar to what we did with regards to the parametric state space, we now wish to do 
for time rescaling. Since time rescaling has to stand in the real numbers, we begin with the 
variable z and parameters fi such that the time rescaling is given by 

t = r(T + Y T (zz,n)) = tT + rJ2T k , n z k z k fi n , (3.6) 

where To 7^ and the sum is taken over k 6 No and n e N™, only if k + |n| > 1. Let 
Zk = z k z h (in particular Z Q = 1) and define the parametric time space by 

M = ¥[[zz,fi]] = {T + ^T fc , n Z fc/ i n }. (3.7) 

Therefore, the parametric time space is an integral domain and a vector space on F, where 
from now on F is the set of real numbers. Indeed, 3& is a locally finite graded vector space 
and also a graded ring; let = {Zj/x 11 } and define the grading function 5% : —> Z by 

5^(Zifi n ) = 2i + ra, i,r e No- 
Note that the number a is the same for all three grading functions (i.e., 5,5gg, 8@>m, for 
definition of b~@>m see below) defined in this paper. The order of a formal basis for time 
rescaling plays a partial role in formal basis costyle. is our formal basis for ffl whose 
order in a sequence obeys the following rules (Remark 13.11 is also true here): 

1. The terms of lower grades are in lower orders. 
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2. The terms without parameter are before the terms with parameters, whenever they 
have the same grade. 

Denoting M k for the grade k homogenous elements of 3%, we have M = ®^ =0 3?k and Mk&i Q 
&k+i for any k, I G N (i.e., M is a graded ring). For our convenience we choose T = 1 and 
thus, Y T G is a generator for near identity time rescaling. 

For any time rescaling generator Y T , there is a map (py T sending a vector field v to 
v + Y T v (indeed, the system ^ = v is transformed to ^ = v + F T t>); the multiplication 
(Y T v ) follows the common multiplication of F T and t> when both are presented as formal 
power series in terms of z and z. The following two formulas are for our convenience: 

7 , , n i V , , n 2 _ V ,,ni+n2 

^jk^ — A-(i+j)(i+k)fl> i 

7 ,,niv ,,n2 v, , ,,ni+n2 

for any Zj/i ni G and X, fc /i n2 , Y^/i" 2 G This product along with the grading structures 
on Jz? and ^ builds up ££ as a graded module structure over the graded ring i.e., 

Proposition 3.2. is a subgroup of M -module filtration preserving automorphisms of 

if, i.e., < Aut#(jSf) < Autp(JSf) and furthermore, <^ Tif (& n ££) C J? n J^ (Vn G 

N ,F T G J^). 

Let F [[//]] denote for the integral domain of formal power series in terms of the parameters 
fj, = (fi\, /i2, ■ • ■ , A*m)- Now the parameter space is defined by 

g> m = ft m [[ij]] = { v \v= ( Vl ,v 2 , ■ ■ ■ , v m ) where Vj G & x = F [[//]] Vj, l<j< to}. 

For the given ct G N and any n = (n 1: n 2 , ■ ■ • , n m ) G N™, we define a grading function on 
monomials /i n by <5^m(/i n ) = YlT=i n i a ~ a - Denote 

&™ = span F 5^ 1 m (n) for all n G N U {-a}. 

Then, = F m and ^ m = ®™ =0 &>™ is a locally finite graded vector space, where 

{/i n efe|n G F m , < m}^L is a formal basis for £? m with lower grade terms (associated 
with 8&>m) being ordered in a sequence before higher grade terms. 

opm _ c^oi cpm j g ca }} ec j near identity parameter generators, since for any Y p (v) G 
i^a opm we jjayg a near identity reparametrization given by fi = v + Y p . Let (j>y Pjf (v(ix)) 
denote the vector field v in terms of new coordinates v. Then, 

oo 

^, m (v^))='£-D-(v,Y p ), (3.8) 

n=0 
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where -D"(t>,F p ) denotes the nth-order formal Frechet derivative of t>(u) with respect to u 

n times 
' " ' 

but evaluated at v and (Y p , Y p , • • • , F p ), see also [HI Section 2] and [TT1 [18] . Obviously, the 
composition of any two near identity reparametrization is a near identity reparametrization 
and thus, ^ a ^> m forms a group acting on the parametric Lie algebra Jzf 2 . 

Proposition 3.3. ^ a £P m is a subgroup of ¥ -linear filtration preserving automorphisms of 
3f, i.e., 0$-^™* < Aut ¥ 3f. Furthermore we have §y P JJF n ££) C ,^ n J~£ (Vn G N and 

Remark 3.4. For any y 5 ,t> G Jzf, the condition adysv = implies adysf = Vk > n. 
Now let m = 1, F p G ^ m and Vk(fi) G Jzffc. Then, the condition D^v^fj), Y p ) = requires 
D^(vj i .(fi),Y p ) = for any n > 1. This is the main reason that in the computation of the 
simplest normal form for systems without parameter as well as the parametric normal form 
in which m = 1, the state and parameter operators are linear. On the contrary, consider 
m = 2, a = 1, 

v 2 = X 10 (j4 + fi 2 2 ) G J? 2 and Y p = - G ^ 2 m 

Then, 

£>> 2 Gu), F p ) = while Dl(v 2 (ji), Y p ) = 2X 10f 4(j4 + fi) + 0. 

Furthermore, note that D 2 l (v2(p),Y 2 p ) is not a linear operator in terms of Y 2 P ; see e.g., 
D 2 (v>z(ij), a ^2 P ) = a2 D 2 (v 2 (iJ,) , Y p ). Therefore, parameter operators are not necessarily linear 
in general. This leads to an interesting structure which makes normal form computation 
complicated. Thus, it requires a new approach. However, in this paper we consider a 
condition on parameters ensuring the condition 

k k 
D^J^ u i°> yP ) = implies D^(J2 w i°> yP ) = Vn > 1, A; G N {Y P G & a & m ). (3.9) 

i=0 i=0 

Then, the parameter operators are linear. In other words, the linear part of parameter map 
(Equation ( 13. 81) ) is injective and thus, there is no kernel term to be used for nonlinear parts 
of the parameter maps. This (in section (j5J)) means that the parameters are in the right 
places for having a structurally stable amplitude equation (when we only think of topological 
behavior of the system, we may ignore the phase equation); this is observed in equation ( 15.81) 
where any of its small perturbation (upto o(p 2N °)) does not change the system's topological 
behavior. Thus, we further assume a minimum number of parameters for such purpose, 



M. Gazor and P. Yu 



Spectral sequences and parametric normal forms 15 



and also for our computation to simply get the simplest normal form, that is, m = No in 
Lemma 14.61 and Theorem 15.21 Therefore, there is neither unnecessary parameters in the 
system nor a need for extra unfolding parameters to get a structurally stable system, when 
the amplitude equation is only concerned. We refer to m as the parametric dimension of the 
Hopf singularity system. 

For our convenience we say a parametric (generalized) Hopf singularity system has para- 
metric dimension m, when it has m parameters (apart from the state variable and time) and 
m is the least number of parameters necessarily present in the amplitude equation (of its 
parametric normal form is transformed in polar coordinates) to have the amplitude equation 
as a structurally stable equation. This means that there is no unnecessary parameters in the 
system, while the parameters already existed in the system are enough and are in the right 
places to make the amplitude equation (of its parametric normal form in polar coordinates) 
structurally stable. Therefore, many parametric systems may not have a parametric dimen- 
sion; either for the system having more or less parameters than needed or for the parameters 
not being in the right places. We assume that all parametric systems considered in this pa- 
per have a parametric dimension. To treat systems without a parametric dimension, we can 
try to eliminate unnecessary parameters and unfold the system with unfolding parameters 
wherever they are needed. This is beyond the cope this paper. Although we do not try to 
address it, this has close links with the topological codimension. 

The reader should note that a parametric system in real life problems may have more 
parameters than what we require here. Such extra parameters can be considered as control 
parameters and therefore, they are important in applications. This is the main reason for Yu 
and Leung [33] to consider and keep the extra parameters in their parametric normal forms. 
One may also try to reduce the number of parameters in their parametric normal form. 

The following two lemmas and Corollary 13.71 play a key role in the method described in 
this paper. 

Lemma 3.5. Let a be a permutation on the set {^fn^m*, ^Ji^, that is, a G 53, 

and Autp(^f) denote the filtration preserving ¥-linear automorphism. Then, ^{(f)^^^) x 
a i^^M*) — a (^lk^™J a (05?i.«>*) = CT (0ji.«J CT (0$-i^>™*) - Aut F (jS?). Furthermore, ^J-i^^x 
^m* x 0jksr« - cr (^i^m»)<r(^x«»)ff(0j 1 ^) < Aut F (if). 

Note that the above lemma represents a semidirect product of subgroups, see our newer 
version of this paper for more details. This implies that none of the three transformations 
[i.e., state change of variable, reparametrization, and time rescaling) can be obtained from 
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the other two. This is consistent with our claim that all three transformations are needed 
for parametric normal forms. It also explains why normal forms of non-parametric systems 
alongside with their orbital equivalence have been considered in the literature. 

Lemma 3.6. Let n,p,q,l G N and v G J£" n Jzf. Then, 

*se. ° a0^ m J o a((f^ pm ) o cr{(p% q ^)(v) = {tt^O)} 

(Vs,s < n+min{Z,p,g}) anda G S {^ t ^ mt ,^ p ^,^ q ^J- Furthermore, a(0j p ^ m Joa(0^ m J 
<j(4> F fi < a m ) where I = minQo, q) and o G Ss & p 6 t a s i (Wk,k G No). In particular, 
/or any p < q, (j)y x G cr^J^m J and 0y 2 G 0"(0$-«^mJ, t/iere exists 0y G cr^J^mJ s^cn 
that (f)Y 2 4>Y 1 = 4>y where Y — Y\ mode & q x (x denotes & m ,& or Jzf). 

Corollary 3.7. For any q G N ,p G N, and permutation a G ^{<f^ p m ,<£r .^p^ } ' u;e 
nave 

(a o 0^ - l)(^JSf) C J^Jzf, 
where a o 4>% P ^^ — 1 is defined by (a o $% vXif — l)v = a o 4>% P ^v — v (Vf , v G Jzf). 

4 Parametric normal forms and the spectral sequences 

In this section, we establish the setup for the method of spectral sequences for parametric 
normal forms of vector fields and apply it to a parametric generalized Hopf singularity with 
parametric dimension N . Let v G Jzf, 

A '* = ^ 1 &> m x x J^Jzf and <f> A o,. = <p P ^^ x x 0^ < Aut F (if). 

Then, define the map 

where ^(yp^^ys) = (</>yp + , 0yT^, 0ysj and (Y p ,Y T ,Y S ) G A '*. Thus, our goal is to find 
y(°°) = (Y p ^Y T ,Y S ) and = 0y(oo)(t>) such that i/ 00 -* represents the unique parametric 
normal form. This map is not linear, thus similar to Benderesky and Churchill [9J, we, 
instead, work with its initially F-linear map, that is, 

0^ A '* -4^^0, 
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defined by 

d(Y) = D^{v)Y p + Y T v + adysw, where Y = (Y p , Y T , Y s ). (4.1) 

Let A 1 '* = _Sf, A*'* = A '* © A 1 '* and A^ k = {0} (Vj + 0,1). Then, (A*<*,d,&) is a 
locally finite graded filtered differential. Obviously, d depends on v and so does the spectral 
sequence Ep k . We sometimes denote the differential defined in equation (14.11) by d(v, Y), i.e., 
d(Y) = d(v,Y). 

Remark 4.1. Sanders [25] considered the spectral sequence E 3 r ' k by allowing to be 
updated during the process of normal form, i.e., E 3 ' k = E 3,k (v^ r ~ 1 ^). This is one of the most 
common and convenient approach in normal form theory. Benderesky and Churchill's result 
[9 J implies that updating does not change E™>~ n+1 (by proving that E 3 r ,k {v) is invariant 
under the group orbit of v). Therefore, both approaches are equivalent. One should note that 
[9] applied the method in the context of matrix normal form theory, that is why they chose 
not to update the differentials, indicating that "the spectral sequences do not admit useful 
morphisms as one varies v" , e.g., updating v into v^'. This is also true in a sense for normal 
form of vector fields, see Lemma 14.31 and [91 Theorem 6.11]. It, however, is evident that 
updating the differential substantially reduces the complexity of computations, see e.g., [T2"| 
Example 2.4.4.]. This is the main reason which led Sanders to come up with his innovative 
idea. Therefore, we also follow his idea of using the converging differentials d r = d*'*(v^) 
at each new level of the spectral sequence. Thus, the results [19, Theorem 2.6, 3.2, 3.12] are 
still valid here and so is the argument given in the last paragraph of section [2J 

Lemma 4.2. For any v G Jzf, there exists an automorphism associated with Y^ G A '* such 
that it uniquely sends v into = 4> Y w (v) G (B^q^Ki^ C where 

E '" = -§> = 1 = ^ (v "' " e No) 

and the formal basis style is used for the complement spaces jV^' '. 

Proof. Following Lemma 12.11 there exists a unique vector space JVn satisfying 

rpn,-n+l _ ^ =~ _ _ <S'n ~T 

1 ~ n d(3? n A°>*) + t F«+ 1 ^f ~ nj? n odA°> n ~ ' 

Thus, there exists Y n = (Y P ,Y^,Y^) G A°' n such that v^ 1 + = < + , where 
< G and < = vl~ x +irj? n dY n . Therefore, v n = ^(v"" 1 ) = ^(^(^K^))) = 

v° + v\ + --- + v n ~_\ + K~ l + ^JY n ) + ■ • • , where W n = < = v^ 1 + D^Y P + 
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Y^v^ + adysvp. By Lemma E51 there exists Y [n) = (Y^yY^Y^) G A '* such that 
v n = $ n • • • §2&i(v°) = <f)y P o <f)y T o Lemma 13.61 implies that Y( n ) converges in 

(n) (n) (n) 

filtration topology to an element Y^ from A '* and thus, v n is also convergent to i.e., 
vW = $ y(1)V (°). 

The proof is complete. □ 

We follow Murdock [211 Section 5] to call v^ 1 ' (and W>) the first (the rth) level extended 
partial parametric normal form. 

Lemma 4.3. For any v G J§f, i/iere exzsi parameter solution Y p G & x & m , time solu- 
tion Y T G J^" 1 ^, and state solution Y s G ,^ x ££ such that their associated automorphisms 
transform v into a unique vector field (the rth level extended partial parametric normal form) 

= % } (v) G ffi~ (*(r) = 0^*° 

w/iere ^ (r) /oZZows LemmaEH i.e., £J T T n >"+ 1 = ^ n /X {r) = = ^ W G N . 

Proof. By Lemma H~2l there exists a unique (since follows formal basis style) vector field 
rjtt = <f) YW {v) G ®^ =0 ^ (1) = where Total 1 (£*'*) = ^j+f 1 ' = Now define a 

new differential di = d"'~ n induced by d(v^\ Y n ) = D^(v^)Y p + Y^v^ 1 ' + ad Y sv^ (where 
= , 5^ ,1^ )), i.e., 

^n, — n 

kerdo' - ™ — — > coker '~ n ~ (4.2) 
Y n + Z^ +l '~ n ~ 1 ^ rf(w (1) ,F n ) (mode J? n+1 J^ n d(J? n+1 A '*) + & n+2 ^). 

Since = , the above map is well-defined. Thus, E"^~ n = Z^~ n I Zi\ rX ~ n ~ x , where 
z n,-n = ^n A o,* n d^^ n+2 A 1 '* and Z^ 1 '' 71 ' 1 = J?"+M°>* fl 1 ^ n+2 A 1 '*. Lemmas 
and 13.51 prove that there exists an automorphism $( 2 ) which sends v into = $(2)(f) G 
©^Lo^n^, where t^ 2 * 1 is the second level extended partial parametric normal form of v. 
This confirms our claim for r = 2, and therefore the proof is finished by mathematical 
induction. □ 

By the above Lemma there exist state solution Y s,n , parameter solution Y p,n and time 
solution Y T ' n such that 

oo 

v (n) = o^-D) = f yT ^ o 0^ o ^.(t^) = v t\ 4 n) G -A VA; < n. 

{i/W}^ C J*f is a convergent sequence to a vector field v G <5f with respect to filtration 
topology. We call v ^ an infinite level (order or unique) parametric normal form. The above 
argument leads to the following theorem. 
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Theorem 4.4. Let v = = Yl^Lko v ™ ^ w here Vn G S£ n . Then, there exist a 
sequence of near-identity maps {$ n }n which transforms to ti( n+1 ) = $ n+1 (?/ n )) Vn G Mo 
in which converges (with respect to filtration topology) to an infinite level parametric 
normal form i;M = E™^ * , w/iere ^ oo) G ^ (r) , £" r ' r+1 = -E r T r,r+1 = J&f r /^ (r) = 
^ ^r'f'^ J = ~4r^ Vr G No and ,yK^ follows Lemma \2. 1\ Furthermore, there exist Yr n \ and 
y(oo) = (Y p ,Y T ,Y S ) G A '* snc/i i/ierf $( n ) = $ n o • • • $ 2 o $ x is associated with Y" (n ), K( n ) 
converging to Y^°°' with respect to filtration topology, and = (fiyr* ° 4>y p * ° 4>y s S v )- 

Proof. For any p, r G No, Z^' _p+1 = A 1 '* = Z^~ p+1 , while assuming p — r < 1, we have 
S p ,-P+i = ^pa 1 '* n d(J^A '*) = B^~P +1 . Then, 

^'' r+1 = - r+1 ,5;" T ^ r ,- r+1 = ^ r+1 and Total 1 ^*) = ©~o^'^ +1 - 

Since A '* is locally finite, the rest of the proof follows Lemma [4.31 and vi- 00 ^ = Vr '\ where 
y(r) _ denotes the rth level extended partial parametric normal form. □ 

In the rest of this section we apply the method of spectral sequence described above to 
obtain a parametric normal form for generalized Hopf singularity of parametric dimension 
Nq. The following lemma presents the first level parametric normal forms of a system with 
generalized Hopf singularity 

Lemma 4.5. There exists (Y T , 0, Y s ) e Q)™ =1 A°' n which uniquely transforms v, given by 

oo oo 

„=„(«» = y w + 4°n^ n + E 0> n > ( 4 - 3 ) 

i+j+r=2, |n|=r, i+j>l i+j+r=2, |n[=r, i+j>l 

into the first level extended partial parametric normal form 

v<» = <f yP o f yT o <f) S YS (v) G Kio + ®n=i^\ (4-4) 

where jYn = span F {X( fc+1 ) fc /i n |n = 2k + ra, n G N™, |n| = r} C Jz?/f,„ (Vn G N). Further- 
more, the first level parametric conormal form space is ©^^{0} x s ™ x J£h,u- 

Proof. Let & = spau F {y 10 }e^ =1 J% and n G N. Then, Z 1 n '" n+1 = J? n Jz?, Z n+1 '~ n = J^ n+1 J^ 
and 5™'- n+1 = J^JS? n d (^M°>*), where d (^ (0) , (y T ,y p ,F s )) = ZV ( ° )rP + Y" T ^°) + 
adysv^ '. Therefore, 

= ^ n Y 10 + ad Yl0 J? n +<? n+1 J? 

= span F {y (fc+1)fc /i> = 2k + r, k, r G N } + J2fcc, n + J^ +1 J^ 
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Thus, by Lemma EH E^ n+1 = ^f = , where 

,jy} 1] = span F {X (fc+1 ) fc/ u n |n = 2k + r, a|n| = r,k,r £ N }. 
Since Z^~ n = {0} x &™ x Sf H , n + & n+l A G >\ Z^ 1 ''^ 1 = & n + l A°>* and B^~ n = {0}, 

E?- U = {0} X ^™ X jgf H>n + ^n+l A 0,*^n+l A 0,*_ rpj^ 

Total 1 (E*'*) = ®^ £r r+1 © f °l ^, (1) C Jgf. 

Besides, Total (£*'*) = ©^ =1 ^'" n = ©£° =1 {0} x £»™ x jgf Hjn . 

The rest of the proof is straightforward by Lemma 14.21 □ 

The parametric dimension of the vector field v is A"o if and only if for any natural number 
r, TTFX^+i)^^ = (Vi < Ao) and tcfx (No+1)No v^ 7^ 0. In other word, the parametric dimension 
of the system (i ^ 0) is Ao if and only if its representation in the polar coordinates has 
no amplitude terms of grade less than 2 No + 1 while has a nonzero term of p 0+l . When 
Nq > 1, the system is associated with a generalized Hopf singularity Let us denote 

A« = [D,SMfc = 0)] {wa -, (4.5) 

for the unique matrix representation of linear map D^ 1 ' at /i = on the finite dimensional 
vector space W = span F {X( fc+1 ) fc }^Q 1 in terms of its ordered basis 1 . When 

rankpf^ 1 )) equals the parametric dimension (Ao) of the system, we say v is generic with 
respect to parameter or parameter generic. Thus, parameter generic merely means that the 
parameters are in the right places for having a structurally stable amplitude equation. Note 
that these assumptions are essentially useful in evaluating the converging differentials d r and 
the individual level spaces of the spectral sequences. We omit the proof of the following 
lemma and Theorem 15.21 for brevity. 

Lemma 4.6. Assume the hypothesis given in Lemma \4-5\ and that the vector field v is 
parametric generic and of parametric dimension Nq, m = Nq, and a = 2Nq + 1. Then, 

Total 1 (E* 2 Q = ®? =0 E r 2 - o r+1 = @? =0 .A {2No) C JS?, (4.6) 

where JVn 2N ^ = span ¥ {X^+i)k\n = 2k} C £&H,n f or an U n,l < n < 2N , for some a £ Sn , 

A (2jVo) = Bpan F ({X fc(fc _i)^ (fc )|n = 2k + 2N - 1} U {X [k+l)k \n = 2k}) 

Vn,2A" < n < 4N + 1, and J^ 2No) = span F {X ( 

, r = |n|} Vn > 2A" . Furthermore, the 2N th level conormal form space is Total (E^'^) = 

®Zl^N n = ©~ iW X {0} X Sf H , n . 
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E*'* is strongly convergent to (more precisely, the filtration is strongly convergent 
in the sense of Cartan-Eilenberg) and E*>*-terms collapses at r = 2N + 1, i.e., 

Total 1 ^*) = Total 1 ^^) = Qf^ET^} = ®Zo^r (2No+1) C J2f, (4.7) 

where 

^(27v +i) = ^{2No) (i < n < 2N ),yK n ( 2No+ V = {0} (2N <n< AN ), (4.8) 

and 

^ n ( 2 ^»+i) = S pan F {X (27Vo+1)2iVo/ i> = 4Nq + r, n G <°, |n| = r} (Vn, 4iV < n). (4.9) 

Corollary 4.7. Lei i/ie vector field v given by equation U^W be associated with a para- 
metric generic system of No-parametric dimension and m = Nq. Then, there exists Y = 
(Y T , Y p , Y s ) G ®n=iA 0,n such that <p Y = <Pyp ° 4>yp ° 0yr ° 0ys (4>yp s t an ds for an invert- 
ible linear reparametrization) uniquely transforms v into the infinite-level parametric normal 
form 

oo 

V {00) = Yl Q + a { ™ Q+1)No0 X {No+l)No + ^ a (25 + l)27V„n X (2A f o+l)2JV A in (4-10) 

|n|=0,n6N^° 

N 

+ y^Xfe(fc-i)^(fc) (for some a G S No ). 

k=l 

Proof. The proof is straightforward following Lemma 14.61 and Theorem 14.41 □ 

The key property of the spectral sequence in the context of normal form theory is 
that transformation spaces in each new level (cohomology of previous page) coincide with 
the kernel of the maps associated with the previous level. This is the main reason that 
eliminating new terms in level r will not lead to recreating the already eliminated terms 
in previous levels. This idea of using the kernel of the maps is one of the most common 
approach in the unique normal form theory. However, it is evident that not only kernel 
terms are useful but also some terms under which the degenerate spaces are kept invariant 
can be used. This, of course, may not lead to further simplification of the system (since it, 
instead, makes a compromise on the degenerate spaces) but it leaves us with more freedom 
in the choice of parametric normal form which can be very important in applications. An 
alternative parametric normal form [i.e, equation (15. 8p compared) to the equation (I4.10p 
may evidently be more suitable for bifurcation and stability analysis. 
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5 A distorted spectral sequence and invariant degen- 
erate spaces 

In this section we modify the method of spectral sequence to a similar approach based on 
the notion of degenerate invariant spaces in order to obtain our desired parametric normal 
form. Since the main property of the spectral sequence fails in this section, the sequence of 
spaces E™' n is not called the spectral sequence; E™ ,n is not necessarily the cohomology of 
E r _ x . 

Any degenerate condition puts some more restrictions on each level of normal forms 
than what complement spaces does, e.g., the homogenous terms of v^ r > can not freely take 
any vector in the rth level complement spaces. Mathematically, this lack of freedom can 
be (fully or partially) translated in terms of invariant degenerate spaces (i.e., C 
® ,2? > q > r, for some r G No) when for a sufficiently large natural number r, = 
E^o^ e ® ip) = ®^°=o 2) ^ ) ^ ®n=o^n P) > r. The degenerate conditions (imposed 
by the codimension of the system) are usually distinguished when the normal form of a 
given system is computed up to high enough levels. For instance, the first (and higher) 
level extended partial (parametric) normal form of a system associated with codimension Nq 
generalized Hopf singularity (in polar coordinates) does not have amplitude term of grade 
less than 2iVo + 1 (i.e., p % for i < 2Nq + 1); this is because of its codimension, see Lemma 
14.51 The first level complement spaces of such system, however, have amplitude terms of 
all odd orders. So, we assume that the first level degenerate spaces associated with grades 
less than 2iVo + 1 do not have amplitude terms. Generally we may define the rth level 
degenerate space associated with a set of conditions, i.e., degenerate conditions, (when the 
style, grading structures, and approach are already fixed) by the vector space span of 
all rth level extended partial parametric normal forms of all systems satisfying degenerate 
conditions. According to the grading structure, we have C (B^qTt^D^ = (B^qDu^, 
where ir^ n D^ = Dn . Thus, we further assume = ®^ =0 Dn is satisfied and call T)^ 
by the rth level degenerate space of grade n. 

The computation of normal forms does not necessarily require (indeed, not a feasible 
approach in practical computations as Murdock [21] stated) the evaluation of rth level ex- 
tended partial normal forms. Indeed, the proper approach is to evaluate the spaces E™~ n+l 
(Vr, 1 < r < n) and E™~ n (Vr, r < n — 1). Then, by Lemma I2.1[ it is easy to prove that 
there exist Y r (Vr, r < n — 1) such that 0y n „ x ■ ■ ■4>y 1 4'y transforms the system into a new 
system in which the terms of grade n be an element of D^, while terms with grades less 
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than n remain unchanged. The later, however, is not necessarily true in this section, since 
the notion of invariant degenerate spaces is used. In fact, the terms of grades less than n 
may be changed in the nth step, but yet they stay within the degenerate spaces and thus it 
does not hamper our computational process. Therefore, in the modified approach below we 
just need to satisfy some conditions and then, evaluate Total 1 (E%£) which determines the 
parametric normal forms. We denote the new spaces with E*>*, E™~ n+1 = ,yV " ^|~ r f" - = jVn^ 
and Di r) C^ W . 



s n 



Let us denote M n ' for a time space satisfying E^~ n = ^ and 
consider its decomposition as M n ° } = M n ° ] ®^ 0) such that Jfj^S)^ C £>i n) and M n 0) is the 
unique complement for & n °\ where the formal basis costyle is used. Our idea is to preserve 
the time subspace for later use and only apply the space 

E%- n = x x jSf n + ^ n + 1 A°'*/^ n+1 A '* 

for the first level spaces. This provides us enough flexibility and freedom to obtain our 
desired normal form. Therefore, 

,n,-n+l r-in.-n+l , 1 £n,-n+l ^ 



& n + 1 ^ + rf (^ 0) x &™ x ££ n ) 



Now we intend to use the time space for higher level spaces, thus we add this space to 
our conormal form spaces (transformation spaces). Then, we assume 

0, 0) + ^ n A '* n d \^ n+l ^ = x x^« (mode & n + l A Q '* n rf 1 ^ ri+1 ^). 

Thus, C Mn" 1 denotes the time space available to be used for the second level spaces. 
However, we may again wish to preserve a subspace Mn^ C for our later use provided 

(n+i 
n+i 



that M 1 ^^ C for i = 0, 1. Then, consider the unique time space decomposition 



obtained via formal basis costyle. Thereby, we let 

~ n> _ n _ M n l) x x Jz4 (1) + n rf- 1 ^ 1 ^ 

and 

pn,-n+l _ f_ °^ 

2 ~'~ " ' '-(1) (1) „ <*(1)\ , A 
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Inductively, for any natural number r we add the time space t%n ^ to the transformation 
spaces and denote 



r-l) 



0, 0) + ^ n A '* n d~\& nJrr ££ = x ^™ (r) x 



(mode J^ n+1 A '* fl d r _^ n+r Jz?) . Then, we choose the unique formal basis costyle time space 
decomposition 0^ = © ^ such that 

Wctf VA;,fc<r, (5.1) 

with the intention of preserving the space Mn^ for computing higher level spaces. Thus, 

and 



(TV) 



We apply the above approach to parametric generic A^-codimension generalized Hopf 
singularity to obtain an alternative parametric normal form. The new normal form is more 
suitable for its applications in perturbation and bifurcation analysis. Define 

span F {Y"i } when N = 0, 

span F {X (7Vo+ i )7Vo , Y" (A r 0+1)A r } when N = 2N , 

span F {Y" (7Vo +i)7V yU n } when N = 2N + 2rN + r, |n| = r ^ 0, (5.2) 

span F {Xj(j_i)/ifc} when N = 2i + 2N — 1, % < N , k < m, 

{0} otherwise, 

and 

gg(i) - / s P an w{ Z N fJ> n \n = N + rat, n G N™} when % < 2N , ^ 
\ {0} otherwise. 

It is easy to check that and JOjy satisfy the condition given in Equation (15. ip . In the 
following the above method is implemented to compute Total 1 (E££) = (B^ =0 ^yKi n ^ (2)i™' ) C 
e^fn )■ Clearly, Equation ( 15. 3ft results in 

<% n = ^\^°~> = {0} (Vn<2iV ), 
and for any i < 2N we have = {0} and 

= sp8m F {Z No fi n \n = 2N + rat, n e N™}. 
Furthermore, M^ No) = span ¥ {Z No /j, n \n = 2N + ra, n € N™}. 
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Lemma 5.1. Let v, given by equation $Jlfy , be a parametric generic H op f singularity system 
of parametric dimension N Q , a = 2N + 1, and Mn satisfy the equation ( 15. 3)) . Then, we 
have E^ n+1 = ^ (1) +f" (1) = where 

jrjX) = S pan F {X (A r 0+ i)Ar /i n , Y( No+1 ) No (jl d \ti = 2N + ra, m G N™} 
+ sp&n ¥ {X {k+1)k fi n \n = 2k + ra,k^ N , m G N™}. 

Furthermore, E^~ n+l = E^ n+l Vr < 2N . 

Proof. Since v is a iVo-parametric dimension generalized Hopf singularity, ©n = {0} Vn < 
2A^o, therefore, _E , ™> _n+1 — j^n-n+i y r < 2AT . The rest of the proof is straightforward. □ 

The following theorem presents the infinite level normal form space of an iVo-parametric 
dimension of parametric generic generalized Hopf singularity. 

Theorem 5.2. Assume the hypothesis of Lemma 15. 1\ holds. Then, 

Total 1 ^) = ©^o%C +1 - ®n=o^n i2No \ (5-4) 
where J^ 2No) = {X (k+1)k \n = 2k} (1 < n < 2N ), for any n > 2N , 

jjA2N ) = span ¥ {5 2 N ,nX {No+1)No ,Y {No+1)No {i n \n = 2N + ra, n G N™} 

+ span F {X (fc+ i )fc /i n |0 < k < N , n = 2k + ra, n G N™}, (5.5) 

and the degenerate spaces Dn°^ = ©rT Q tAn for any n < 2Nq. In particular 5)^ = 
{0} for any ^ n < 2iVo and S^tvo^ = ^%n\!^ ■ Furthermore, assume v is parametric generic 
and m = N . Then, (by also using an invertible linear reparametrization on v) there exists 
a a G SjVo such that 



Total 1 ^*) = Total 1 ^) = ®k=o^ k m °\ (5-6) 



where Vn > 2Nq, 



<yV n {Qo) = sp&ia ¥ {52N a ,nX( No+1 ) No ,d~2No+r a ,nY( No+1 ) No fi n \r = |n|, n G Nq } 
+ span F {X fe(fc _ 1)/ u CT ( i )|l < i < N ,0 < k < N ,n = 2k - 2 + a}, 

and ®t ] = jV n {oo) Vn > 2iV . 

The next theorem follows Theorem [5\ 
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Theorem 5.3. Let v {0) G JSf , given by equation lji4-3\ ) and m = Nq, be a parametric generic 
system associated with generalized Hopf singularity of parametric dimension Nq. Then, there 
exist a a G S^ , a parametric state solution Y p , a parametric time solution Y T and a 
parametric state solution Y s such that their associated near-identity maps ( with an invertible 
linear reparametrization) transform v^ ' to an infinite level parametric normal form: 

JVo-l 

,(oo) V _i_ \^ Y ,, i J 2N °) V 

- 110 + A (i+l)*/ i ^(i+l) + a (N +l)N X (No+l)N 



IT 

i=0 



_ ST ST A2N +2rN +r) v „ 
r=\n\=0 neN ^o 

where the coefficients are uniquely expressed in terms of the coefficients of v^°\ 

The following corollary provides a different parametric normal form for generalized Hopf 
singularity from the ones in [321 Theorem 3] and [TU [33] but identical with the parametric 
normal form presented in [121 13] • This, of course, is a consistent alternative form with those 
of HUES [33]. 



Corollary 5.4. Let the parametric generic Hopf singularity system 



dx \ / \ °° 



dt 
'III 



v- + £ lS:> iV ""' (57) 

' i+j+\n\=2,i+j>l y J 



where \i G W °, have a parametric dimension of Nq. Then, there exist a a £ Sn , o, sequence 
of near-identity change of state variables, time rescaling and reparametrization maps (near 
identity as well as an invertible linear reparametrization) such that system (37?]) can be 
transformed to an infinite level parametric normal form (given in polar coordinates): 

No 



dp 



dt P 



i=i 

oo 



(5. 



M=°ne<° 

where the coefficients A and B n are uniquely determined in terms of ajy n and fiij n . 

Proof. The corollary readily follows the proof of [TU Corollary 4.3] in the light of Theorem 
1531 □ 
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6 Different approaches on normal forms of Hopf sin- 
gularity 

In this section, we briefly present different simplest normal forms (parametric and also non- 
parametric) in polar coordinates that can be obtained by using or not using time rescaling 
and reparametrization. 

We consider the parametric system given by the Equation (15. 7p whose parametric di- 
mension is N . With only (near identity change of parametric) state maps without time 
rescaling and reparametrization, the following parametric normal form can be obtained: 

oo No oo 

w (co) = (l+^^^^A^ + tEE^W^v (6.i) 

|n|=0nGN^ 1=1 |n|=l nGNg 1 

oo JVo— 1 

+a {No+1)NoP 2N °+ 1 + ^ E E ^m^P^VH- 

In^lnGNg 1 i=0 

This is while the state maps with reparametrization (including an invertible linear reparametriza- 
tion) can help simplifying Equation (16. ip further to 

oo No oo 

„<«) = E WiPVH + (]T E a [2No+1)2Noa p mo+1 ^ (6.2) 

|n|=0neN^ 1=1 r=l n£N™ 

N -l 

+a {No+1)No p 2No+1 + P 2l+1 ^)d P - 

i=0 

The orbital equivalence for parametric normal forms (i.e., the state maps and time 
rescaling are only used without any usage of reparametrization) follows the equation 

oo No — 1 oo 

= (a (No+1)NoP 2No+1 + E a«+i)inP 2i+1 » n )d P + (1 + E b *P 2N > n )de. (6.3) 

|n|=l,n»=0 |n|=0,n 

One may compare the equations (I6.1l) - (l6.3p with the equation (15.81) to get an idea on how 
time rescaling and reparametrization may contribute in our parametric normal forms. 

Finally, the following corollary presents the nonparametric normal forms for generalized 
Hopf singularity as well as its two alternative orbital equivalence, see also jH [6J 121] . 

Corollary 6.1 (Nonparametric systems). Let v = represent a system of generalized 
Hopf singularity with no parameter. Then, there exists a natural number N such that the 
system can be transformed to 
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1. the simplest normal form in polar coordinates: 

i rn N o 

it dp + it de = ( An °p 2No+1 + A ^ p 4No+1 )d P + (i + J2 A * * °> ( 6 - 4 ) 

i=n 

where state maps are only used, or to 

2. (when time resettling and state maps are both used) the simplest orbital equivalence 

f t d p + f f de = (A No p 2No+1 + A 2N y N ° +1 )d p + d e , A No ? 0, (6.5) 
or alternatively to 

f f d p + f f d e = A Na p™»+% + (1 + B N{ y N ^)d e , A No ? 0. (6.6) 

7 Conclusions 

The method of spectral sequences has been suitably generalized to consider the simplest 
parametric normal forms of parametric vector fields. Our results can also be considered as 
a generalization for the spectral sequences of orbital equivalence of non-parametric systems. 
We also introduce a new style (and costyle) for obtaining unique normal forms. The method 
is applied to obtain two different parametric normal forms associated with generalized Hopf 
singularity. 

Acknowledgments. The first author would like to acknowledge Prof. J. Murdock's gener- 
ous help and contributions via numerous long e-mail discussions. 
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